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This study exhibited the investigation of magnetohydrodynamics (MHD) boundary layer
phenomenon of Casson and Williamson nanofluids, which was flowing on an inclined
cylindrical surface. The impact of linear order chemical reaction with thermal radiation had
been considered in multiphase flows. By taking the assistance of compact visual FORTRAN
6.6a programming algorithm, the finite scheme was imposed explicitly for attaining the
dimensionless form of the fundamental equations. The convergence criterion had also been
established for the exactness of the pertinent parameters. It was observed that the ongoing work
converged for Lewis number Le ≥ 0.036 and Prandtl number Pr ≥ 0.52 . A tabular
comparison had been presented to validate the numerical modelling, and a favourable result
was attained. The obtained outcomes were analysed for diversified pertinent parameters on
different flow fields. Besides, the influence of Casson and Williamson parameters were also
displayed through streamlines and isotherms. However, this study investigated the fluid
behavior of Lorentz force effects together with Nano-particle which increase the thermal
conductivity of both fluids. The study has been done in two different phase of fluid flows.
Finally, it was concluded that the mass and heat transform accomplishment of Williamson
fluid was relatively lower compared to Casson fluid. The comparison was also done
significantly through the updated visualisation of fluid flow in this study.
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1. INTRODUCTION

fluid [11], which is treated as an emblematical example of
visco-inelastic fluids and such type of non-Newtonian fluids
maintain a shear thinning property that means viscosity is
inverse to rate of shear stress. Impressions of nanoparticles
together with the characteristics of hydromagnetic Williamson
fluid flow resulting from stretching surface has been explored
by Venkataramanaiah et al. [12]. Khan et al. [13] analysed
MHD convective radiative Cattaneo-Christov sort of heat flux
for non-Newtonian fluid (Williamson). Kothandapani and
Prakash [14] showed thermal radiation impacts with magnetic
field on the peristaltic transport of Williamson nanofluid
within a tapered asymmetric channel. Abegunrin et al. [15]
analysed Casson and Williamson fluid flow behaviour with the
impression of thermal radiation which is non-linear. Kumaran
and Sandeep [16, 17] explored the parabolic flow behaviour of
MHD multi-phase fluids with thermophoretic and Brownian
motion influences. Authors investigated the performance of
Casson fluid is relatively greater compared to Williamson
fluid, however, lower for that of Maxwell fluid. Furthermore,
the heat and mass transport phenomena have been inspected
by diverse authors in recent time. For details one can refer the
followings [18, 19].
To the best of authors’ idea, the investigation of
comprehensive comparison of unsteady MHD radiative
boundary layer Casson and Williamson fluid flow yields an

Nowadays, researchers have great attention towards nonNewtonian MHD fluids with nanoparticles (1-100nm) because
of its comprehensive applications such as engineering, food
processing, photodynamic therapy, biological materials etc.
The relation between shear stress and strain remain non-linear
in a non-Newtonian fluid. Among these, Casson fluid by
Casson [1] is remarkable (e.g., jelly, tomato sauce, human
blood, honey etc.), at infinite viscosity which exerts non-entity
rate of shear and vice-versa. By imposing Laplace
transformation, the heat transfer phenomena on time
subservient Casson fluid flow was explained by Hussanan et
al. [2]. Malik et al. [3] discussed the attitude of the same fluid
on a stretched cylinder with the appearance of nanoparticles.
The impressions of heat source/sink and the reaction of
chemical substances were inspected by Hayat et al. [4] for a
non-Newtonian fluid flow called Casson. The influence of
hydromagnetic free convection and radiation have been
analysed by Makanda et al. [5] on viscous dissipative Casson
fluid flow in a non-Darcian porous medium. Different
researchers [6-10] examined the impact of diversified physical
parameters on hydromagnetic Casson fluid flow by
considering various boundary criterions.
Another class of non-Newtonian fluid so-called Williamson
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inclined cylinder has kept unexplored. However, the previous
work Abegunrin et al. [15] compared Casson and Williamson
fluids flow over an upper horizontal surface neglecting the
impacts of magnetic field and Nano-particles. Here, we have
considered the impacts of MHD as well as nanoparticles and
obtained interesting result on different phase. Also it has a
wide range of applications in different fields such as chemical
engineering, mechanical engineering, bio-medicine, drag
delivery system etc. Moreover, this study has investigated the
fluid behavior of Lorentz force effects together with Nanoparticle which increase the thermal conductivity of respective
fluids. The study has been done in two different phase of fluid
flows Therefore, in line with this knowledge gap, it was
thought desirable to investigate this problem and the specific
aims of this paper were to:
a) To establish a mathematical model to investigate
hydromagnetic Casson and Williamson fluids with the
impressions of thermal radiation and linear order
chemical reaction yield an inclined cylinder.
b) Introduce an explicit scheme to determine the
fundamental model which is associated with momentum,
energy and concentration equations in numerical manner
with the aid of “Compact Visual FORTRAN 6.6a”.
c) To analyse stability and convergence test for the fluid
flow system.
d) To validate the present numerical technique with
previous literature.
e) To investigate the impressions of relevant parameters on
various flow fields with streamlines and isotherms
exhibition for both Williamson and Casson fluids.

surface is taken in the form as,
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2. MATHEMATICAL MODEL
A two-dimensional, unsteady, MHD, laminar Casson and
Williamson fluids with nano-particle over an inclined
cylindrical surface is taken. B0 is uniform external magnetic
field, which is applied to the cylinder which is occupied to
electrically non-conducting. However, the impact of radiation
and chemical reaction are also assumed in the boundary layer
flows. Here, x and r axes are chosen along upward and normal
direction respectively (Figure 1).

+u

(

(4)

)

with,

t ≤ 0: u =
v=
0, T =
T∞ , C =
C∞ ;
for all x ≥ 0 and r ≥ 0
t > 0 : u = u 0 , v = 0,
∂T
r0
−κ
= h f (T w − T=
∞ ), C C=
w at r
∂r
u= v= 0, T= T ∞ , C= C∞ at x= 0
and r ≥ r0
u → 0, T → T ∞ , C → C∞

(5)

as r → ∞.

Here, a non-dimensional parameter q ∈ [0,1] is proposed to
bend the momentum equation to Casson fluid flow when q =
1 and Williamson fluid flow when q=0, α is the inclination of
the cylinder about x-axis, Casson fluid parameter is denoted

(

4

)

by β , Γ is rate time constant and υ q r = −4σs T 3κe ∂r is
Figure 1. Physical configuration

the radiative heat flux obtained by imposing Roseland
approximation. Assuming small temperature differences

Here, u0 is the uniform velocity. The surface temperature
� w , where T
�w > T
�∞
�w and C
and concentration of cylinder are T
� ∞ . Under these assumptions, the decent model for
�w > C
and C
Casson and Williamson nanofluid past an inclined cylindrical

inside the flow and expanding T in Taylor series at T ∞ , we

4

4

3

4

adopt, T ≅ 4T ∞ T − 3T ∞ ( higher terms are omitted).
In view of Eq. (3) reduce to
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where, Williamson parameter, λ =
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Now the dimensionless elements are introduced as:
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Using Eq. (6) and the above non-dimensional quantities,
Eqns. (1)-(4) reduce into the dimensionless form,
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The physical non-dimensional quantities namely skin
frictions, Nusselt and Sherwood numbers are chosen
respectively by the following expressions
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Stream function ψ satisfied Eq. (1) and associated as,
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3. NUMERICAL TECHNIQUE
(10)

An explicit scheme [20-23] has been exerted to solve the
Eqns. (7)-(11). A rectangular shape of flow region is being
chosen for dividing the grid lines (Figure 2). For the remaining
investigations, it is chosen as,
Grid space: M = 100, N = 200, Height of plates: Xmax = 20,
Rmax = 50 as R→∞,
Mesh Size:=
∆R 0.251( 0 ≤ R ≤ 50 ) and

And the corresponding boundary criterions in terms of
dimensionless variables are,

everywhere
t ≤ 0 : U =0, V =0, T =0, C =0
∂T
t > 0 : U = 1, V = 0,
= −γ, C = 1 at R = 1
∂R
(11)
U 0,=
V 0,=
T 0,=
C 0
X 0 and R ≥ 1
=
at=
U → 0, V → 0, T → 0, C → 0 at R → ∞

=
∆X 0.202 ( 0 ≤ X ≤ 20 ) , Δτ = 0.001.

Thus Eqns. (7)-(11) are transformed into the following form,
U ( i, j) − U ( i − 1, j)
+

1119

∆X
V ( i, j)

1 + ( j − 1) ∆R

+

V ( i, j) − V ( i − 1, j)
∆R

=
0

(15)

U ′ ( i, j) − U ( i, j)

+ U ( i, j)

U ( i, j) − U ( i − 1, j)

with,
when, t ≤ 0 then, U 0j = 0, Tj0 = 0, C0j = 0, everywhere

∆t
∆X
U(i, j+ 1) − U ( i, j)
+ V ( i, j)
=
+ GrT ( i, j) Cosα
∆R
 1   U ( i.j + 1) − 2U ( i, j) + U ( i, j − 1)
q 1 +  
 β  
( ∆R )2
+

U(i, j+ 1) − U ( i, j) 
1
 + (1 − q)
1 + ( j − 1) ∆R
∆R


0
when, t > 0 then, U 0j = 1, Tj0 = γ∆R + Tj+1
, C0j = 1, for all

R=1.

n
n
=
U nj 0,T
=
0,C
=
0 as R → ∞ .
j
j

The stability criterions can be achieved after simplification
as, [24-28]
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Figure 2. Finite difference space
Using the initial condition U=V=T=C=0 at τ= 0 and for,
ΔX= 0.202, ΔR= 0.251 and Δτ= 0.001, the stability postulate
for the ongoing research would be formed as, Pr≥0.52 and
Le≥0.036.
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4. RESULTS AND DISCUSSION
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Unsteady hydromagnetic 2D Casson and Williamson fluids
flow over an inclined cylinder has been investigated
numerically. The physical significance of diversified flow
fields has been exhibited for different pertinent parameters.
The value of the main parameters is considered as M=1.0,
Pr=0.71 (for air), γ =0.2, β= λ =0.1, Nt=Nb=0.1, Gm=Gr =5.0,
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α = π 3 , K=0.5, Ra=0.1, Ec=0.001 and Le=1.0. However, the
advanced visualisations of fluid flows are also depicted
through isotherms and streamlines. However, the numerical
validation of this work is self-evident in Table 1 and 2
respectively.
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Table 1. Comparison of Nu for various parameter of Pr,
Gr=Gm=M=Le=Nb=Nt=K=Ec=α=Ra=0.when q=1 (Casson
fluid)
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Pr

Present results

0.2
0.7
2.0

0.16897
0.45304
0.91807

Previous results
[19]
0.1691
0.4538
0.9113

Table 2. Comparison of Nu for various parameter of Pr,
when q=0 (Williamson fluid)
λ=Gr=Gm=M=Le=Nb=Nt=K=Ec=α=Ra=0
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Present results
0.16897
0.45304
0.91807

Previous results [12]
0.169522
0.453916
0.911358

Physically, Casson fluid parameter, β , has a tendency to
increase fluid viscosity. Similarly, increment of Williamson
fluid parameter, λ , the time relaxation of fluid develops that
leads an obstacle to fluid particle and therefore velocity
profiles decrease. Figure 3 shows that the momentum
boundary layers of Williamson fluid decrease more than that
of the Casson fluid since the flow resistance is comparatively
greater on Williamson fluid.

=1.0 to 2.0. Lewis number Le is directly proportional to the
kinematic viscosity, υ , and when υ improves velocity profiles
decrease for both fluid phases. It is observed that increasing
values of Le momentum boundary layers for Williamson fluid
decrease more compared to that of Casson fluid (Figure 7).

Figure 5. Impact of M on U
Figure 3. Impact of λ and β on U

Figure 6. Impact of K on U
Figure 4. Impact of

α on U

If the inclination about x-axis increases, the effects of
gravity decreases, due to this velocity fields decline with in the
boundary layer (Figure 4). The effect of velocity profile has
been shown for diversified data of magnetic parameter, M
(Figure 5). It is examined that the field of velocity diminishes
for increasing M. This is because, high intensity of magnetic
term assists to develop a declining force (Lorentz force),
which diminish the fluid motion. The red line exhibits no
impression of M. It is clear that Lorentz force influenced
Williamson fluid effectively rather than Casson fluid. Figure 6
indicates the impression of chemical reaction, K on velocity
fields and it is seen that for the presence of K, Williamson fluid
velocity is more reducing compared with the Casson fluid
velocity at R=3. The curve to curve decreasing rate for Casson
fluid is 3.0% from K=0.0 to 1.0, 1.8% from K =1.0 to 2.0 and
for Williamson fluid 3% from K=0.0 to 1.0 and 1.0% from K

Figure 7. Impact of Le on U
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On the other hand, thermophoresis parameter, Nt, is
inversely proportional to the kinematic viscosity υ. Therefore,
the developing values of Nt, velocity profiles improve and
momentum boundary layers for Williamson fluid decrease
more than that of Casson fluid, depicted in Figure 8.
Figure 9, is displayed to represent the variation of boundary
layers on temperature field for the impact of Biot number, γ.
An increment of, γ, coefficient of heat transfer, hs, enrich and
the more hs increase, the heat is more transferred from hotter
surface to the cooler surface of the cylinder and corresponding
boundary layer thickness aggravate. Figures 10-11 represent
the temperature profiles for diversified values of Brownian,
Nb, and thermophoresis, Nt, parameters respectively.
Physically, developing Nb and Nt have the tendency to
accelerate fluid particles motion and eventually develops the
fluid temperature. Here, Casson fluid got influenced
significantly for both parameters than Williamson fluid. The
behaviour of the temperature fields for distinct data of
Radiation parameter, Ra, is demonstrated in Figure 12. It is
examined that, Ra is directly proportional to thermal
conductivity, κ . Thus, due to the increment of Ra, thermal
boundary layers increase at high level for Casson fluid
compared to Williamson fluid. Due to the storage of energy at
high Eckert number, Ec, the particles become operative and
lead to higher temperature, and Casson fluid behaves more
actively than the other one (Figure 13).

Figure 10. Impact of Nb on T

Figure 11. Impact of Nt on T

Figure 8. Impact of Nt on U

Figure 12. Impact of Ra on T
The impression of Nt, on concentric fields, are exhibited in
Figure 14. Also, it is exhibited that the concentric boundary
layers for Williamson fluid increase more than that of Casson
fluid. The effect of skin friction has been displayed in Figures
15-16 for distinct data of β, λ and M respectively. For the
increase of the parameter β, λ and M, skin friction declines.
For the development in β and λ , viscosity of the fluid rises.
Therefore, skin friction decreases

Figure 9. Impact of γ on T
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Figure 13. Impact of Ec on T

Figure 16. Impact of M on skin friction profiles

Figure 14. Impact of Nt on C

Figure 17. Impact of Ec on Nusselt number profiles

Figure 15. Impact of λ and β on skin friction profiles

Figure 18. Impact of Nb on Nusselt number profiles

Figures 17-19 identify that, there is an inverse relation
among the Nusselt number to the respective parameters on the
mentioned graph. Moreover, it is observed that Nusselt
number got influence more effectively by Williamson fluid
compared to Casson fluid.

The updated visualisation of fluid fields can be exhibited
with the help of streamlines. However, the changes of thermal
boundary layer can be presented through isotherms. The
impressions of streamlines as well as isotherms are illustrated
in Figures 20-21. Streamlines and isotherms both decrease
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with the increase of both parameter from β = λ =0.1 to 0.2.
Figure 20(a) and Figure 21(a) are representing the line view,
on the other hand, Figure 20(b) and Figure 21(b) are the
contour flood view.

Figure 19. Impact of Nt on Nusselt number profiles

Figure 21. (a) Isotherms for Casson fluid when β =0.2 (red
dashed line) and β =0.1 (solid green line) and (b) flood view
for Williamson fluid when λ =0.2 and λ =0.1
5. CONCLUSION
A comparison between chemically reactive Casson and
Williamson radiative nanofluids past an inclined cylindrical
surface are investigated here. A validation of this study against
previously published literature is also presented. The critical
observations are concluded below:
• It is observed that the boundary layers in velocity
profiles decrease for increasing data of Casson and
Williamson parameters, inclined angle, magnetic field
parameter and Lewis number. Moreover, increasing
thermophoresis parameter caused the velocity profiles to
increase.
• The thickness of thermal boundary layers and heat
transfer rates got enhance due to increment in Biot
number, Eckert number along with Brownian,
thermophoresis and radiation parameters.
• The concentration profiles increase owing to increase of
thermophoresis parameter.
• The skin friction decreases because of increasing Casson
parameter, Williamson parameter and magnetic
parameter.

Figure 20. (a) Streamlines for Casson fluid when β =0.2 (red
dashed line) and β =0.1 (green solid line) and (b) Streamlines
flood view for Williamson fluid when λ =0.2 and λ =0.1

1124

•
•

Nusselt number reduces for developing data of
thermophoresis, Brownian and Eckert number.
Streamlines and Isotherms of both fluids have a
decreasing tendency with the increase of both fluids
parameters.

[13]
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Greek symbols

NOMENCLATURE
B0
Cf

concentration component
dimensionless concentration [-]
concentration of the cylinder, [mol.]
concentration away from the cylinder
coefficient of Brownian diffusion
coefficient of thermophoresis diffusion
Eckert number, [-]
Gravitational acceleration, [ ms −2 ]
thermal Grashof number, [-]
heat transfer coefficient, [ W / (m 2 K) ]
chemical reaction, [-]
Lewis number, [-]
magnetic parameter, [-]
Nusselt number, [-]
thermophoresis parameter, [-]
Brownian parameter, [-]
Prandlt number, [-]
radiative heat flux, [ kgm −2 ]
radial direction
radiation parameter, [-]
Sherwood number, [-]
temperature, [K]
dimensionless temperature [-]
temperature outside the boundary layer
dimensional time, [s]
dimensional velocity of the fluid in x and r direction
dimensionless velocity [-]

external magnetic field, [ Wbm −2 ]
skin friction, [-]
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α
β
γ
Γ
κ
λ
ρ

inclined angle
Casson parameter, [-]
Biot number, [-]
rate time constant, [s]
thermal conductivity, [ Wm −1K −1 ]
Williamson parameter, [-]
density, [ kgm −3 ]

σS

Stefan-Boltzmann constant, [ Wm 2 K −4 ]

υ

kinematic viscosity, [ m 2 s −1 ]

