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Present study analysed hydrodynamic flow behaviour of multiphase radiative Casson and Maxwell fluids
with the appearance of nano-sized particles. The impression of a nonlinear chemical reaction is also con-
sidered. Firstly, the time-dependent governing equations were computationally resolved using finite dif-
ference discretisation methods. Secondly, the convergence analysis with stabilisation of the numerical
approach is carried out where the current model has converged for Le � 0.025 and Pr � 0.075. Finally,
the impressions of various pertinent parameters are depicted diagrammatically along with tabular anal-
ysis on diversified flow fields. The main aim is to define and draw a comparison between Maxwell and
Casson fluids on different flow fields. In addition, a comparative study between these two fluids is also
newly carried out in this work through the analysis of streamlines and isotherms plotting.
Furthermore, the thermal and mass properties found significantly improved mostly in the case of
Maxwell fluid. However, Eckert number, Ec, has influenced the temperature field significantly for
Casson fluid, and some parameters (Du, Nt, Nb, Le, Pr and Sr) have represented the identical impact on
respective fields for both fluids. For the numerical validation, some comparisons are also shown with pre-
vious studies and satisfactory agreement is observed.
� 2019 Karabuk University. Publishing services by Elsevier B.V. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In recent times, computational experiments in thermal radiative
heat transfer through the hydromagnetic nanofluids flow have
overwhelmed various scientists due to many industrial and manu-
facturing processes. Nanoparticles are used in engineering indus-
tries [1] due to its higher thermal conductivity properties
compared to the base fluids. At the very beginning, the numerical
investigations of a laminar flow due to stretching on a plane surface
were inspected by Khan and Pop [2]. Bég et al. [3] experimented
numerically, the characteristics of time-dependent hydromagnetic
nanofluid flow, which was flowing over the exponential stretched
surface. Their work was deliberated in a non-Darcian porous media.
The algorithms of finite difference are still assigned widely because
it yields stable and accurate outcomes. Explicit and implicit finite
difference techniques are one of the fantastic consequences. By
asserting these techniques, the following authors [4–10] depicted
viscous dissipative time-dependent thermal radiative nanofluids
flow numerically upon a stretching sheet. Diversified types of fluid
were chosen for different aspects. Moreover, an explicit scheme
was also implemented. A details stability test was also conducted
for the accuracy of system parameters. Bachok et al. [11] inspected
the properties of heat transfer for a nanofluid (H2O based) by con-
sidering three dissimilar nanoparticles viz. Cu, Al2O3 and TiO2. The
flow was resulting from an exponentially shrinking/stretching sur-
face and it revealed that for similarity solution the range of shrink-
ing/stretching parameter was quite larger for exponential case
rather than the usual linear and non-linear case. However, by
implementing the method of a finite-element, the above-
discussed nanoparticles were also inquired in a porous medium
by Hussain [12]. On the other hand, in a flat tube, Zhao et al. [13]
also did the analysis of the heat transfer properties with water basis
nanofluid by taking only Al2O3 nanoparticle in a three-dimensional
manner. By developing the impression of joule heating and viscous
dissipation Hayat et al. [14] experimented the minimisation of
entropy generation with Bejan number influence. Furthermore,
Rashidi et al. [15] also carried out the analysis of entropy genera-
tion for a time-independent nanofluid flow in a porous rotating
over a
.1016/j.
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Nomenclature

B stretching/shrinking parameter, [–]
B0 the magnetic component of the system, [Wbm�2]
Cf skin friction coefficient, [–]
C non-dimensional concentration, [–]
cp specific heat of the system, [Jkg�1K�1]
C
�
w concentration at the surface

C
�
1 concentration away from the surface

C
�

concentration of nanoparticle
DB coefficient of Brownian diffusion
DT coefficient of thermophoresis diffusion
Du Dufour number, [–]
Ec Eckert number, [–]
Gr thermal Grashof number, [–]
Gm mass Grashof number, [–]
Kr chemical reaction parameter, [–]
Le Lewis number, [–]
M magnetic parameter, [–]
Nb Brownian parameter, [–]
Nt thermophoresis parameter, [–]
Nu heat transfer coefficient, [–]
Nv Maxwell parameter, [–]
Pr Prandtl number, [–]

Q heat source, [–]
Ra radiation parameter, [–]
Sh Sherwood number, [–]
Sr Soret number, [–]
T fluid temperature, [K]
T
�
w fluid temperature away at the surface

T
�
1 fluid temperature away from the surface

u
�
; v
�

velocity component in x, y-direction, [ms�1]
uw stretching velocity, [ms�1]
U, V dimensionless velocity component, [–]

Greek symbols
s dimensionless time, [–]
kg thermal conductivity, [Wm�1K�1]
k1 relaxation time effect, [s]
r Stefan-Boltzmann constant, [Wm�2K�4]

Abbreviations
EFDM explicit finite difference method
MHD magnetohydrodynamics
PDE partial differential equation
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disk. Besides, different sort of experiment for the analysis of
entropy generation has also been done in diversified aspects. For
explicit explanation, the reader can refer to the work of the follow-
ing authors [16,17].

In fluid mechanics, the thermal and mass physiognomies of flu-
ids flow such that non-Newtonian fluids flow resulting from a
widening sheet has a vital role to play. It has a comprehensive
range of applications in astrophysics, geophysics, modern technol-
ogy etc. The shear stress and strain relations remain non-linear in
the non-Newtonian fluid. Integral, differential and rate are three
types of non-Newtonian fluid. Maxwell [18] introduced a non-
Newtonian fluid, namely Maxwell fluid, which is a rate type fluid.
The specialty of this fluid is, this model can count the relaxation
time effects which cannot be described by other fluid models. The
mass and thermal properties of a 2D Maxwell fluid flow have been
speculated recently by some renowned researchers [19,20] with
the appearance of thermophoresis and Joule heating. A numerical
investigation was done by Shateyi [21] to discuss the behaviour
of Maxwell fluid flowing over a vertical surface. Moreover, the
impression of heat sink/source on Maxwell nanofluid and the atti-
tude of stagnation point flow of the same fluid was displayed by
these authors [22,23] in their corresponding work. Moreover, some
reputed researchers have also done their research for time-
dependent Maxwell fluid flow from different aspects and analysed
the phenomena. For details, readers can refer to the following
works [24–28].

Another kind of Non-Newtonian fluids that has recently
attracted researchers is Casson fluid [29] (e.g., jelly, human blood,
tomato sauce, honey, etc.) which depicts yield stress. Because of
its shear thinning behaviour at the infinite shear rate, it exhibits
zero viscosity and vice-versa. The potential applications of such flu-
ids include processing of different nutrition, metallurgy, penetrat-
ing processes and bio-engineering manoeuvre. Newtonian heating
and thermal radiation impression on a transient chemically reac-
tive Casson fluid, which is flowing from a vertical flat plate were
investigated by Das et al. [30]. By adopting the model of Casson
nanofluid, Hayat et al. [31] explored mixed convective flow charac-
teristics of this fluid over a stretched surface with heat sink/source
and chemical reaction of linear order. Some reputed researchers
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also did their experiment with the very well-known Casson fluid.
The purpose was to superintend the impression of homogeneous-
heterogeneous reaction for the hydromagnetic Casson fluid flow
on the stretched surface [32]. Raju and Sandeep [33] showed the
non-linear radiative flow attitude of 3D Casson-Carreau fluids
which is flowing from a stretching sheet while Mukhopadhyay
et al. [34] conducted their experiment with Casson fluid only on
the same discussed surface.

Recently, the numerical experiment of hydromagnetic Maxwell
and Casson nanofluids flow due to stretching upon a plane surface
were attempted by some researchers [35,36], where the incorpora-
tion of heat sink/source, chemical reaction, cross-diffusion was
investigated. On the above-discussed investigations, the corre-
sponding authors recapitulated the mass and heat transport atti-
tude of some MHD flows by taking two or three physical
influences. The inclusion of the magnetic field into the system car-
ries more applied industrial applications in this research in partic-
ular: energy conversion, high-efficiency and low emission electric
power generation, flow control vehicles, etc. Getting motivated by
the work of above authors [35,36], the present analysis explored
the impression of thermal radiation on 2D higher order MHD mul-
tiphase fluids flow due to stretching on a plane surface by envisag-
ing different physical influences. The physical impacts of Casson
parameter, Maxwell parameter, thermal radiation and viscous dis-
sipation along with streamlines and isothermal analysis were unex-
plored by them, which is explored in this paper. The novel aspect of
this work is to make a comparative study between Maxwell and
Casson fluids and observe which fluid influence the thermal and
mass properties more effectively. Also, to establish another relative
phenomenon of those fluids through the analysis of streamlines
and isotherms, this is done entirely new in this work.
2. Mathematical analysis

The behaviours of unsteady 2D chemically reactive Casson and
Maxwell fluids flow with the existence of nanoparticles along with
thermal radiation impression are apprehended in this article. Here,

the order of a chemical reaction is non-linear. u
� ¼ Bx is the fluid
et al., Computational modelling of multiphase fluid flow behaviour over a
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velocity due to stretching and B is shrinking/stretching constant. B0

is the magnetic field strength which is forced across at y � 0, this
represents the direction of the fluid flow.

The fluid temperature, T
�
and concentration, C

�
get raised at t > 0,

whereas near, and away from the wall, those are T
�
w & C

�
w and T

�
1 &

C
�
1 respectively (Fig. 1). Considering the phenomena mentioned

above, the principal equivalences within the boundary layers are
taken as [9,21,24,25]:
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With principal boundary conditions

t ¼ 0; u
� ¼ Bx; v

� ¼ 0;T
�
¼ T

�
1; C

�
¼ C

�
1 everywhere

t P 0; u
� ¼ 0; v

� ¼ 0;T
�
¼ T

�
1; C

�
¼ C

�
1 at x ¼ 0

u
� ¼ Bx; v

� ¼ 0;T
�
¼ T

�
w; C

�
¼ C

�
w at y ¼ 0

u
� ¼ 0; v

� ¼ 0; T
�
! T

�
1; C

�
! C

�
1 at y ! 1

ð5Þ

Here, the velocity components are u
�
and v

�
along x and y-axis.

The relaxation time effect is k1, whereas kg denotes thermal con-
ductivity. k1 is the porous term, B (>0) and B (<0) are the stretching
and shrinking constant, respectively, the kinematic viscosity is t. At
constant pressure, the specific heat is denoted by cp. and the ther-
mophoresis and Brownian diffusivity are DT and DB respectively.
Fig. 1. Physical Illustration.
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The thermal diffusion ratio and mass diffusivity are D
T
� andDm,

respectively. The expression can depict the approximation of Rosse-

land diffusion for radiative heat flux qr, qr ¼ � 4r0=3ksð Þ @T
�4
=@y

� �
,

where, js = mean absorption coefficient and r0 = Stefan-
Boltzmann constant. It is considered that within the flow, the tem-

perature variations are small enough and about T
�
1 which express

T
�4

in a Taylor series such that, T
�4

� 4T
�3

1 T
�
�3T

�4

1 (the higher terms

are deducted). i.e., @qr
@y ¼ � 16r0T
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1
3ks

@2 T
�

@y2 .

Hence Eq. (3) becomes,
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The non-dimensional variables are
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�
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Therefore the dimensionless governing fluid flow model can be
shifted in the underneath form:
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with boundary conditions,

s 6 0; U ¼ 0; V ¼ 0; T ¼ 0; C ¼ 0 everywhere
s > 0; U ¼ 0; V ¼ 0; T ¼ 0; C ¼ 0 atX ¼ 0
U ¼ BX ¼ B; V ¼ 0; T ¼ 1; C ¼ 1 at Y ¼ 0
U ¼ 0; V ¼ 0; T ¼ 0; C ¼ 0 as Y ! 1

ð12Þ

Here, Nv ¼ k1U
2
0=t is the Maxwell parameter, M ¼ rB2

0t=qU
2
0

is the magnetic parameter, Q ¼ Q0t=U
2
0qcp is the heat source

parameter, Ra ¼ 16r0T
�3

1=3kskg is the radiation parameter,
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Fig. 2. Finite difference illustration.
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Ec ¼ U2
0=cp T

�
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�
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� �
is the Eckert number, Pr ¼ tqcp=kg is the

Prandtl number, Le ¼ t=DB is the Lewis number,
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0 is the chemical reaction and p

is the chemical reaction order.
For the existing problem, the local rate of mass transfer, heat

transfer and local skin friction coefficients are depicted by the
equations of the form as,
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3. Numerical computation

The dimensionless coupled PDEs are solved by exerting a known
finite difference technique, namely explicit finite difference [37–
41], within the given boundary conditions. Due to this fact, a flow
field of rectangular shape is being considered, which is distributed
by a grid of lines. These lines are collateral to X and Y axis (Fig. 2). In
this paper, Xmax (=100) and Ymax (=25) are the height of the plate as
Y ! 1. Furthermore, the numbers m = 125 and n = 125 are repre-
senting the grid space. What is more, DY ¼ 0:2 0 6 Y 6 25ð Þ and
DX ¼ 0:8 0 6 X 6 100ð Þ exhibit constant mesh sizes towards y
and x-axis where the time step Ds ¼ 0:0005 is sufficiently small.

Hence, Eqs. (8)–(12) become,
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C 0
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With boundary conditions,

Un
i;o ¼ 1; Tn

i;o ¼ 1;Cn
i;o ¼ 1

Un
i;o ¼ 0; Tn

i;L ¼ 0; Tn
i;L ¼ 0 where; L ! 1 ð17Þ

Here, the meshing index are i and j lengthways X and Y axis,
respectively.
4. Analysis of stability and convergence of the system

Due to the implementation of the explicit finite procedure, a sta-
bility test is required. For specific mesh sizes, it is possible to
achieve the stability criterion for the remaining work in the follow-
ing way, Eq. (13) does not contain Ds because of that it will be
deducted. eiaXeibY are typical relations of Fourier expansion for U,
T and C at time s = 0 where, i ¼

ffiffiffiffiffiffiffi
�1

p
. The following equations can

be obtained at time s and after a period respectively as,
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U : D sð ÞeiaXeibY U :D0 sð ÞeiaXeibY
T : E sð ÞeiaXeibY and T :E0 sð ÞeiaXeibY
C : F sð ÞeiaXeibY C :F0 sð ÞeiaXeibY

ð18Þ

Now applying Eq. (18) into Eqs. (14)–(16), by taking U, V as con-
stants adoption,
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4DXDY

�2UVDeiaXeibY eia X�DXð Þeib YþDYð Þ�eia X�DXð Þeib Y�DYð Þ
4DXDY

2
6664

3
7775

�MDeiaXeibY þ Gr EeiaXeibY þ GmFeiaXeibY � 1þ 1
b

� �
KpDeiaXeibY

ð19Þ

E0�Eð ÞeiaXeibY
Ds þU

EeiaXeibY 1�e�iaDXð Þ
DX þV

EeiaXeibY eibDY�1ð Þ
DY ¼ 1

Pr 1þRað Þ2EeiaXeibY

cosbDY�1ð Þ
DYð Þ2 þ 1þ 1

b

� �
Ec

DeiaXeibY eibDY�1ð Þ
DY

� �2

þNb
FeiaXeibY eibDY�1ð Þ

DY

EeiaXeibY eibDY�1ð Þ
DY þNt

EeiaXeibY eibDY�1ð Þ
DY

� �2

þDu 2FeiaXeibY cosbDY�1ð Þ
DYð Þ2

þEcM DeiaXeibY
� �2þQ EeiaXeibY

ð20Þ

F0�Fð ÞeiaXeibY
Ds þ U

FeiaXeibY 1�e�iaDXð Þ
DX þ V

FeiaXeibY eibDY�1ð Þ
DY ¼ 1

Le

� �
2FeiaXeibY cosbDY�1ð Þ

DYð Þ2 þ Nt
Nb Le þ Sr
� � 2EeiaXeibY cosbDY�1ð Þ

DYð Þ2
� �

� Kr FeiaXeibY
� �p

ð21Þ
Subsequently, Eqs. (19), (20) and (21) can be represented as,

D0 ¼ A1Dþ A2Eþ A3F

E0 ¼ A4Eþ A5Dþ A6F

F 0 ¼ A7F þ A8E

9>=
>; ð22Þ

where,

A1 ¼ 1þ 1þ 1
b

� �
2Ds
DYð Þ2

cosbDY � 1ð Þ

� Nv U2
h 2Ds

DXð Þ2
1� cosaDXð Þ þ V2 2Ds

DYð Þ2
cosbDY � 1ð Þ

þ 2UV Ds eia XþDXð Þeib YþDYð Þ � eia XþDXð Þeib Y�DYð Þ

4DXDY

�2UVDs eia X�DXð Þeib YþDYð Þ � eia X�DXð Þeib Y�DYð Þ

4DXDY

	
�MDs

� 1þ 1
b

� �
KpDs� U

Ds
DX

1� e�iaDX� �� V
Ds
DY

eibDY � 1
� �

A2 ¼ DsGr

A3 ¼ DsGm

A4 ¼ 1þ 1
Pr 1þ Rað Þ 2Ds

DYð Þ2 cosbDY � 1ð Þ þ Nb C Ds
DYð Þ2 eibDY � 1

� �2
þNt T Ds

DYð Þ2 eibDY � 1
� �2 þ QDs� U Ds

DX 1� e�iaDX
� �� V Ds

DY eibDY � 1
� �

A5 ¼ A5 ¼ 1þ 1
b

� �
Ec U

Ds
DYð Þ2

eibDY � 1
� �2 þ Ec MUDs

A6 ¼ Du
2Ds
DYð Þ2

cosbDY � 1ð Þ
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A7 ¼ 1þ 1
Le

� �
2Ds
DYð Þ2

cosbDY � 1ð Þ � U
Ds
DX

1� e�iaDX� �
� V

Ds
DY

eibDY � 1
� �� DsKr Cð Þp�1

A8 ¼ Nt
Nb Le

þ Sr
� �

2Ds
DYð Þ2

cosbDY � 1ð Þ

The Eq. (22) can be elicited in the matrix shape as

D0

E0

F 0

2
64

3
75 ¼

A1 A2 A3

A5 A4 A6

0 A8 A7

2
64

3
75

D

E

F

2
64

3
75)g0 ¼ T 0g where; g0 ¼

D0

E0

F 0

2
64

3
75;

T 0 ¼
A1 A2 A3

A5 A4 A6

0 A8 A7

2
64

3
75 andg ¼

D

E

F

2
64

3
75

For diversified values of T 0the study is hard enough. Thus, a
small time step is being taken i.e Ds ! 0. Accordingly,
A2 ! 0;A3 ! 0;A5 ! 0;A6 ! 0;A8 ! 0. Hence,

T 0 ¼
A1 0 0
0 A4 o

0 0 A7

2
64

3
75

k1 = A1, k2 = A4 and k3 = A7 are the required Eigenvalues and
these data must satisfy the following stability conditions, such that,

A1j j 6 1; A4j j 6 1; A7j j 6 1 ð23Þ
Considering,

a ¼ Ds; b ¼ U
Ds
DX

; c ¼ �Vj j Ds
DX

; d ¼ 2
Ds
DYð Þ2

; e ¼ 2
Ds
DXð Þ2

;

f ¼ 2
Ds

DXDY
ð24Þ

here, a, b, c, d, e and f all are real and non-negative numbers. Assum-
ing, U and V are positive and negative, respectively. For
aDX ¼ mp andbDY ¼ np;the highest modulus of A1, A4 and A7

appear where, n;m– even integers. Thus, using Eqs. (23) and (24)
and considering the above conditions,

A1 ¼ 1� 2 1þ 1
b

� �
d� Nv

2
U2eþ V2dþ fUV

4


 �
þMa

2

�

þ 1þ 1
b

� �
Kp a
2

þ bþ c
	

A4 ¼ 1� 2
1
Pr

1þ Rað Þd� Qa
2

� dNt T � dNb C þ bþ c
� 	

A7 ¼ 1� 2
1
Le

� �
dþ aKr Cð Þp�1

2
þ bþ c

" #

The utmost negative apprehended values of A1, A4 and A7 are
�1. Thus, the stability postulates are follows as,

1þ 1
b

� �
2Ds
DYð Þ2

� Nv
2

U2
h 2Ds

DXð Þ2
þ V2 2Ds

DYð Þ2
þUV

4
2Ds
DXDY

	
þMDs

2

þ 1þ 1
b

� �
KpDs
2

þ U
Ds
DX

þ �Vj j Ds
DY

6 1

1
Pr 1þ Rað Þ 2Ds

DYð Þ2 � 2Nt T Ds
DYð Þ2 � 2NbC Ds

DYð Þ2 �
QDs
2 þ U Ds

DX þ �Vj j DsDY 6 1

and

2
Le

� �
Ds
DYð Þ2

þ DsKr Cð Þp�1

2
þ U

Ds
DX

þ �Vj j Ds
DY

6 1
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here, U ¼ 0;V ¼ 0; T ¼ 0;C ¼ 0 at s ¼ 0 are the primary boundary
conditions. For, Ds = 0.0005, DX = 0.8 and DY = 0.2, the convergence
postulate for the existing work would be constituted as
Pr P 0:075 and Le P 0:025.
Fig. 4. Impact of Kp on U.

Fig. 5. Impact of Gr on U.
5. Results and discussion

In this section, the elementary fluid properties due to the effects
of physical constraints are conversed. Furthermore, the influences
of some relevant parameters on Cf, Nu and Sh are analysed through
a tabular presentation and graphically. However, these parameters
behaviour on streamlines and isothermal lines are also discussed in
details. Finally, some comparisons are being exhibited for the vali-
dation of this paper. The assumed values of the pertinent parame-
ters are M = 4.0, 6.0, b = Nv = 0.2, Kr = 0.2, Ec = 0.01, Gr = 0.6, 10,
Gm = 0.5, 5 Q = 1.0, p = Ra = 2.0, Sr = Du = 0.5, Kp = 1.0, B = 1.0,
�1.0, Le = 1, Nt = 0.5, Nb = 0.3, 0.5 and Pr = 1.0, 7.0, 10.

Fig. 3 specifies the velocity fields for diversified values of M for
stretching (B = 1.0) and shrinking (B = �1.0) case. It is obvious from
the figure that in case of stretching, the boundary layers are going
down in the field of velocity for boosting up the magnetic
parameter.

Physically, higher M values yield a force, namely Lorentz force,
which depreciates fluid flow. In the case of shrinking, Lorentz force
enhances the streams in the velocity field as magnetic field inten-
sity raises. Also, it is intriguing to observe that the Lorentz force
is dominating Maxwell fluid flow significantly compared to Casson
fluid flow. Fig. 4 shows the impression of porous media, Kp, on
velocity outlines. It is found that velocity profiles are declining as
the porous term rises from 0.5 to 2.0. The curve to curve decrement
is 7.62% (0.5–1.0) and 9.32% (1.0–2.0) for Casson fluid whilst for
Maxwell fluid the decrement is 2.31% (0.5–1.0) and 3.72% (1.0–
2.0) at Y = 1.0086. Generally, porosity permits a major amount of
fluids to be soaked from the boundary layer, for that reason, the
flow field declines.

Fig. 5 demonstrated the fluid velocity vs. axis distribution,
where the effect of Gr has been studied. It is observed that momen-
tum boundary layers are developing as Grashof number increases
because enhancement in thermal buoyancy force raises the velocity
profiles. Herein the stream films of Maxwell fluid are more influ-
enced by thermal buoyancy force than Casson fluid. The impression
of radiation parameter, Ra, on time-dependent momentum bound-
ary layers is displayed in Fig. 6. Here, the numerical data adopted
for Casson and Maxwell fluid are 1.03296, 1.06959, 1.07884 and
Fig. 3. Impact of M on U.

Fig. 6. Impact of Ra on U.
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2.03831, 2.08309, 2.09301 respectively for the diverse value of
thermal radiation at Y = 1.0086. Physically, greater values of Ra help
to reduce the mean captivation coefficient ke and increase the
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divergence of radiative flux. Also, from this observation, it can be
concluded that velocity profiles are developing for rising radiation
parameter, and the Maxwell fluid flows are influencing the velocity
field significantly rather than Casson fluid flow.

Table 1 represents the dominance of Maxwell parameter, Nv,
and Casson parameter, b, on velocity profiles. Both Maxwell and
Casson parameters degenerate the velocity profiles. The table also
exhibits the data fluctuation between the curve of Maxwell and
Casson fluid flow.

For different Nt and Nb values, the temperature distribution is
displayed in Figs. 7 and 8. Thermophoresis usually warms the flow
streams and hence aggravates nanoparticle deprivation, which
accentuates fluid velocity and finally develops the movement of
nanoparticles. However, the identic impact is also seen for increas-
ing Brownian parameter. The smaller size of nanoparticles corre-
sponds with higher values of Nb, which assists in raising the
distribution of fluid temperature. In this case, the boundary layers
in temperature profiles are enhancing 5.97%, 6.75% and 5.88%,
6.65% respectively for Casson and Maxwell fluid with increasing
(0.5–2.5) thermophoresis parameter. On the contrary, there is an
enhancement of 3.18%, 2.74% and 3.21%, 2.76% in Casson and Max-
well fluid flow when the Brownian parameter varies (0.5–2.5).

On the other hand, Fig. 9 displays the influence of Nb on the
nanoparticle concentric profiles. As it is mentioned earlier, larger
values of Nb indicate the highest motion of the nanoparticle. Hence,
for that reason, it is interesting to remark that the fluid mass distri-
butions rise near the surface (Y = 0.40323) and reverse phenomena
are observed away from the surface (Y = 1.20968). It is viewed from
Fig. 10 that thermal boundary layers are boosting for increasing val-
ues (0.5–1.5) of Dufour number, Du. Usually, thermal and solutal
buoyancy forces get an increase due to increment in Dufour num-
ber. Here, the fluctuations of curve increase 10.68% and 14.39%
for Casson fluid whereas for Maxwell fluid the increment is
10.63% and 14.33% at Y = 1.0086. It is known that the fluid temper-
ature gets enhance because increasing values of the dissipation
parameter raise the buoyancy force.
Table 1
The numerical representation of Maxwell and Casson parameter on velocity profiles
for stretching (B = 1.0) at Y = 1.00806.

b = Nv U (for Nv) U (for b) Data fluctuation (%)

0.5 0.23947 0.29761 5.81%
1.5 0.23926 0.26719 2.79%
2.5 0.23914 0.25765 1.85%

Fig. 7. Impact of Nt on T.

Fig. 9. Effects of Nb on C.

Fig. 10. Impact of Du on T.
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This phenomenon is evident in Fig. 11. It is evident that the ther-
mal flow layer is progressing as Eckert number, Ec increases from
0.01 to 0.07. From Fig. 12 displays disparity of fluid concentration
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Fig. 12. Influence of Le on C.
Fig. 14. Influence of B on Cf.

Fig. 15. Influence of Sr on Sh.

Fig. 13. Influence of Kr on C.
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for varied Lewis number, Le, where, Le is the fraction of the thermal
diffusivity to mass diffusivity and when the values of Le get to
enhance the thermal diffusion rate goes beyond the rate of mass
diffusion and eventually suppress the concentric field. This incident
is observed in Fig. 12. The impact of destructive (Kr = 0.2, 0.5) and
constructive (Kr = �0.5, �0.2) chemical reaction of order 2 on the
nanoparticle concentric profiles are displayed in Fig. 13. It can be
visualised that destructive chemical reaction parameters suppress
the concentration profiles rapidly. Because it appears with several
instabilities and implements high molecular motion, which ele-
vates the transport phenomena and eventually decelerates the fluid
concentration. The influence of stretching (B > 0) and shrinking
(B < 0) parameters on skin friction profiles are depicted in Fig. 14.
Herein due to the augmentation in stretching constraint, the skin
friction outlines decrease. However, the opposite behaviour is seen
for shrinking.

Moreover, Fig. 15 reflects that the increasing values of Sr dimin-
ish the Sherwood number profiles. Usually, Soret number generates
additional mass flux which elevates fluid concentration, but at the
wall, the rate of change of concentration is quite different. In the
current numerical study, the dimensionless equations are solved
with various transformations, because of that, the non-
Please cite this article as: S. Reza-E-Rabbi, S. F. Ahmmed, S. M. Arifuzzaman et al., Computational modelling of multiphase fluid flow behaviour over a
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dimensional X and Y axis represents the entirely different mesh
point. However, the boundary layer difference for various relevant
parameters can be exhibited through isothermal and streamlines
representation, which reflects the advanced visualisation of fluid
flow.

Figs. 16–21 illustrate the analysis of streamlines and isothermal
lines for both Maxwell fluid and Casson fluid. Fig. 16a displays that
for Maxwell fluid, the velocity decreases as M rises, whereas the
flood and line view of streamlines for Casson fluid with contour
legend are also displayed in Fig. 16b. These phenomena arise
Fig. 16. (a) Streamlines (Maxwell fluid) for M = 0.5 (Red solid lines) and M = 1.5 (Green

Fig. 17. (a) Isothermal lines (Casson fluid) for Ra = 0.5 (Red solid lines) and Ra = 1.5 (Gre
view).

Fig. 18. (a) Streamlines (Maxwell fluid) for Nv = 0.2 (Red solid lines) and Nv = 0.4 (Gree
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because of Lorentz force, which is developed because of the influ-
ence of magnetic induction. In Fig. 17a, for Casson fluid, the thermal
flow direction develops as thermal radiation constraint increases.
Because the fluid molecules got heat up when the deviation of
radiative heat flux increased. What is more, the flood and line view
of an isothermal line for Maxwell fluid are also given with contour
legend in Fig. 17b, which is represented with the same above dis-
cussed phenomena. Figs. 18a and 19b represent streamlines and
isothermal analysis with the impact of Casson and Maxwell param-
eters. The flood and line view are also presented with contour
dashed lines). (b) Streamlines (Casson fluid) for M = 0.5, 1.5; (flood and line view).

en dashed lines), (b) Isothermal lines (Maxwell fluid) for Ra = 0.5, 1.5; (flood and line

n dashed lines), (b) Streamlines (Casson fluid) for b = 0.2, 0.4; (flood and line view).
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Fig. 19. (a) Isothermal lines (Casson fluid) for b = 0.2 (Red solid lines) and b = 0.4 (Green dashed lines), (b) Isothermal lines (Maxwell fluid) for Nv = 0.2, 0.4; (flood and line
view).

Fig. 20. (a) Streamlines (Maxwell fluid) for Pr = 7.0 (solid lines) and Pr = 10 (dashed lines), (b) Streamlines (Casson fluid) for Pr = 7.0, 10.0; (flood and line view).

Fig. 21. (a) Streamlines (Maxwell fluid) for Kr = 0.5, when p (order) = 1, 2; (dashed lines (order 1)) and (solid lines (order 2)), (b) Streamlines (Casson fluid) for Kr = 0.5, when p
(order) = 1, 2; (flood and line view).
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levels. In these figures, the momentum and thermal boundary lay-
ers both are diminishing as Casson and Maxwell parameter
increases. The conduction and convection rates usually vary for dif-
ferent fluids. Additionally, it is known that the Prandtl number, Pr,
is used unevenly to control where the convection or conduction
process will dominate. Generally, for Pr > 1 momentum diffusivity
influences. This phenomenon is evident in Fig. 20a and b for both
Maxwell and Casson fluids. As the value of Pr gets to increase the
Please cite this article as: S. Reza-E-Rabbi, S. F. Ahmmed, S. M. Arifuzzaman
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jestch.2019.07.006
thickness of the momentum boundary layers declines. Because Pr
is contrariwise proportionate to thermal diffusivity therefore fluid
heat reduced for developing Pr and eventually the thermal as well
as momentum boundary layers getting reduced. The impact of lin-
ear and non-linear order chemical reaction has been analysed the-
oretically through the analysis of streamlines in Fig. 21a and b. It is
depicted that when the order of the chemical reaction is being
increased the momentum boundary layers got an increase for both
et al., Computational modelling of multiphase fluid flow behaviour over a
and Technology, an International Journal, https://doi.org/10.1016/j.
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fluids and interestingly it is found that the impact of chemical reac-
tion order was more influential for Maxwell fluid. Physically, the
above phenomena took place in the existence of higher order
destructive chemical reaction appears with much more distur-
bances rather than the linear one. Due to this disturbance, the
transport phenomena develops and finally helps in raising the vis-
cosity of momentum boundary layers. Moreover, through the anal-
ysis of streamlines and isothermal lines, it has been inspected that
the heat and mass properties are influencing the flow fields signif-
icantly for the cases of Maxwell fluid.
Table 2
Physical parameters (Cf, Nu and Sh) of Casson fluid.

M Du Kr Kp R

2.0 0.5 0.2 1 2
4.0
6.0

0.5
1.0
1.5

0.1
0.2
0.3

0.5
1.0
1.5

1.0
2.0
3.0

Table 3
Physical parameters (Cf, Nu and Sh) of Maxwell fluid.

M Du Kr Kp R

2.0 0.5 0.2 1 2
4.0
6.0

0.5
1.0
1.5

0.1
0.2
0.3

0.5
1.0
1.5

1.0
2.0
3.0

Table 4
Comparison of the outcomes with published papers.

Increased Parameter Present Result Kum

U T C U
M Decr Dec
Nt Incr
Nb Incr Decr
Le Decr
Kr Decr
Du Incr

Incr = Increase, Decr = Decrease.
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Tables 2 and 3 exhibit the encouragement of some physical con-
straints on Cf, Nu and Sh for Casson and Maxwell fluid. It can be
seen that Dufour number, heat radiation and generation parame-
ters enhance friction factor and mass transfer coefficient profiles
while these parameters suppress the Nusselt number profiles for
both fluids. Also, the magnetic and porous parameters degenerate
the skin friction profiles, whereas chemical reaction doesn’t show
any indicatory change on friction factor. Furthermore, Kr develops
the mass transfer coefficient profiles while M and Kp do not give
any variations on it, and Kr also represents no visible change in
Q Cf Nu Sh

1 �0.40609 1.04269 1.26520
�0.40836 1.04267 1.26520
�0.41062 1.04266 1.26520
�0.40609 1.04269 1.26520
�0.40519 0.95409 1.28684
�0.40429 0.87318 1.30879
�0.40609 1.04269 1.26517
�0.40609 1.04269 1.26520
�0.40609 1.04269 1.26523
�0.40265 1.04268 1.26520
�0.40609 1.04269 1.26520
�0.40949 1.04270 1.26520
�0.40941 1.21233 1.22292
�0.40609 1.04269 1.26520
�0.40117 0.91442 1.29951

1.0 �0.40609 1.04269 1.26520
2.0 �0.40607 1.04059 1.26549
3.0 �0.40606 1.03848 1.26579

Q Cf Nu Sh

1 �0.76061 1.05072 1.17383
�0.76150 1.05072 1.17383
�0.76239 1.05072 1.17383
�0.76150 1.05072 1.17383
�0.76024 0.96762 1.20085
�0.75896 0.88162 1.22840
�0.76150 1.05072 1.17378
�0.76150 1.05072 1.17383
�0.76150 1.05072 1.17387
�0.76128 1.05072 1.17383
�0.76150 1.05072 1.17383
�0.76173 1.05072 1.17383
�0.76370 1.22173 1.11816
�0.76150 1.05072 1.17383
�0.75891 0.92131 1.21901

1.0 �0.76061 1.05072 1.17383
2.0 �0.76108 1.04863 1.17421
3.0 �0.76107 1.04653 1.17459

ar et al. [35] Kumaran and Sandeep [36]

T C U T C
r Decr

Incr
Incr Decr Decr
Incr Decr Incr Decr

Decr Incr
Incr
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Table 5
The effects of Le on Sh (effect comparison through numerical data).

This study Kumar et al. [35] Kumaran and Sandeep [36]

Le Sh Le Sh Le Sh

Casson Maxwell Casson Maxwell Casson Maxwell

0.3 0.97685 0.97957 0.5 0.082447 0.065954 0.5 0.447966 0.456161
0.6 1.19195 1.19885 0.6 0.164045 0.147250 1.0 0.729884 0.738350
0.9 1.25145 1.25527 0.7 0.238678 0.221811 1.5 0.978069 0.986097

Table 6
Comparison table for Nu when Nv = M = Kp = Ec = Du = Q = Sr = Kr = p = 0, Casson term
is absent and Pr = Le = 10.

Parameter Nt = Nb Nu (This study) Nu (Khan et al. [5])

0.1 0.9574 0.9541
0.2 0.3605 0.3667
0.3 0.1329 0.1359
0.4 0.0491 0.0499
0.5 0.0193 0.0179
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Nusselt number for both fluids. Also, magnetic parameter reduces,
and porous term raises heat transfer rates for Casson fluid, while,
interestingly they don’t exert any indicatory changes for Maxwell
fluid. From Table 4, it is evident that the qualitative impressions
of the following parameters are the same as the published litera-
ture such that they are in good agreement. Also, Table 5 explains
the impact of Le on mass transfer coefficient profiles.

Here the effect of Le has been compared through numerical data.
In all three works, rising values of Le help to develop the Sherwood
number profiles for both Casson and Maxwell fluids. Moreover, in
Table 6, the numerical data for various Nt, Nb on Nu have com-
pared, and they are in good agreement. Hence Tables 4–6 establish
the validation of the existing work.

6. Conclusions

The theoretical examination is conducted to exhibit the impres-
sion of radiation on 2D hydromagnetic chemically reactive Casson
and Maxwell nanofluids, which is flowing over a stretched surface.
The outcome of this study can be briefly listed below:

a. Due to increment in Grashof number, radiation and magnetic
parameters (for shrinking), the boundary layers are progress-
ing in the fields of velocity. On the contrary, the up-surging
values of magnetic (for stretching), Casson, Maxwell and Por-
ous parameters depreciate the flow fields.

b. Progressing values of Eckert number, Dufour number, Brow-
nian and thermophoresis parameters are helping to boost the
thickness of thermal boundary layers.

c. Increasing values of Brownian, Lewis number and chemical
reaction have a propensity to decline the boundary layers
in the concentration fields while it is quite impressive to
see that for rising values of Brownian parameter the concen-
tric profiles are developing initially close to the wall.

d. When the values of shrinking (B < 1), Dufour number, radia-
tion and heat source parameters are raising, then the profiles
of Cf (skin friction) are going up whereas up surging values of
magnetic, porous and stretching (B > 1) parameters are
diminishing the Cf profiles. However, chemical reaction
shows no indicatory change in Cf.

e. The heat transfer coefficient profiles are rising due to incre-
ment in porous parameter, Kp (Casson fluid) but for Maxwell
fluid, Kp does not show any same changes in Nu (Nusselt
number). While the increasing data of magnetic, radiation
Please cite this article as: S. Reza-E-Rabbi, S. F. Ahmmed, S. M. Arifuzzaman
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and heat source parameters along with Dufour number are
helping to go down the Nu profiles. Also, for Maxwell fluid
magnetic parameter represents no change in Nu.

f. The profiles of Sh (Sherwood number) are improving when
the data of Dufour number, chemical reaction, radiation
and heat source parameters increase. On the other hand, Sh
profiles are falling due to enhancement in Soret number.
Moreover, magnetic and porous parameters do not display
any significant change in Sh for both fluids.

g. The streamlines are falling when the data of magnetic,
Prandtl number, Casson and Maxwell parameters get to raise,
and the contrary event observed for developing values of p
(order of chemical reaction). What is more, increasing values
of radiation are building up the isothermal lines, whereas
progressing data of Casson and Maxwell parameters tend
to depreciate the isothermal lines.
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